
 binomial

适⽤条件 0n p
固定 outcome仅为⼈俖 事件互相independent

X B.lup PcX r ⻔pu pn
ElaktbXD a.EUDtbELXv
VavlaXtbXz a2VavCXi tb2Var X2

mean of Xi ElX up
variance of X VarX upup

poisson

适⽤条件 Devents independent 20年独出现 sooccurat a constantaverage rate

X Po叺 i P X x ÒN
x

XtYNPo INN X Y independent

meanofX E4 ⼊
varianceofX Vav X N ⼊



gigquantitative discrete

continuous

元 ⻓
variance 怒5 __ 我 和⼆三 x

2
三⼤图

sd.az var



1 Probability

probability event can occur
total outcomes

relative frequency proportion oftimes that an event occur in hugerepetitions
ofexperiment
概率随着实验次数增加⽆限接近⼗数 g.PL骰⼦ 朝上 i

subjective frequency 相对主观 g.PL天⽓预报为晴

theprobability of an event is a measure of howsure the
person think theevent will happen



sample spaces a setofdistinctoutcomes for an experiment

z probability NM

不重⽂ 不送病所㦽性 ˊ

___is

f
discretesample space finite or countably finite

S 1 2 3

continuous samples阰
eventLA a subsetof sample space AES

s simpleevent event contains only onepoint A a

l compoundevent A is madeupby morethan I single
events

A⼆ a.a

sample point 样本点 sample space⾥ in个体

probability distribution Let S a.az 了 be a discretesamplespace
Assign probabilities Pai for nil 2 to

aiss.t.DEPlait1
2 吾 Pai 1

Thesetofprobabilities Pcai i 1.2⻔ is called
probability distributionofS

probability of an event thesumof probabilities forall single eventsthatmake
PLA upA PLA 蝱Pca

ep A 2 4，6 PA ⼆R2 tPuttpc6

simple i Play⼆ IT
compound RA ⼆点Rai ⼆ 㤟0 A事件发⽣in次数

d



Odds

sodds in favour 赔⼿ 朤
Iodds

against 胜年 乍婴

Q roll a die
a PIoddsinf_rofroll.mg a ⼼ ⼆⼗七⼆⼗

b Plodgai.net of rolling a ⼼ f 5



3 Probability and counting techniques

addition rule

If A B are disjoint LAMB 4 then lAU131 1Alt1131

multiplication rule

A⼆ la.az ak with ni choices forGilAl ⼆n.ru nk⼆ 点ni

binomial coefficient

permutation ⼼ n n_n n_n Eh
Order matters A Bct LAB

叫空填k个数
数字不同

combination

P 𢝵 h n个空填k个数
n k k

⼀⼀ 数字相同
n choosek
order doesn'tmatter ABC⼆CAB

g 从
ABCD中选2个字⺟

C 6

顺⼆贰 jfǜ
中任选个

P 12

nCR⼆恐⼆蕊笑
4红⼆ ti

将这12个排列组合 可能性



i
6 - 00 - 们

以饴 烈



Qi

Tai
b 经 Y 12

远 image

巚您䵼
1 P喇⽕体 p本

Q HELLO KITTY 任意组合形成年间
a how

many ways
can this bedone

⼀ 将L T 区别成 uh 下下

wfoaii.my
St arrange L

b P call letters appear in alphabetic order

c Pl begin and ends with T

蔗 8position but 2L weneed to consider



iftheywere distinguishable

Them distinguishable array

multinomial coefficient nlm.nu n t n品 nk



4 Probability rules and conditional probability

union AUB ⼆ SGS sbelong to either A or B
intersection An13 SES is belongs to bothA813了

complement 百 ⼆ SE Si s doesn't belong to A

fundamental laws of A algebra

a committing
Av13⼆BUA AMB⼆BAA

b associativity

LAUB UCEAUBUU LAMB AC⼆ An LBnc

us distributing

AU BAD ⼆LAUB nLAUD
AN BUC AnB ULAND

DeMorgan's law FB ⼆ 开 n万
⽯13 F U后

AT
AN BAE
An CAB
AUB ME

1



probability rules

Rt PLS 1

122 0EPCA.IE

RsiAEB PlA EPLB

unionmles

画Venn图0PLAUBJ PIAltPLB7 pl.AM137
pinucj.p.AE ininTcAB pcBc PcAc

mutudyexdwsine A813has no commonpoints

雀叠RANA U An ⼆点PcAi

A

uiifffinnnde.pt events A与13之间没有关系
A
j
B

AnB

mutually independent PcAi Aik KAin PLAik

proposition A813mtwgexdie.inindependent PLAN orPB no

proof A813 mntuwllgexhs.ve independent

i PLAABERAJ.pl3 PY w

pcA p B

0i.PcAworPcB w

proposition A Bae independent A B are independent

b l



conditional probability

PLA113 ⼆ 熙品 CAgun13 在只发⽣的情况下A发⽣in概⼿

⽤于效 independence

A B are independent ⼀ RA113上 PA V PlBlA 1213

o EPLAlB El
PIĀ113 1 PLAID
若A A dj.it 则 PLAinAz113 ⼆ PLA l B t PLA2113

p s l B 1 PcB113

product Me PcAn B 上 PAI B PlB PcBIA PLA

mi
疵㗊䉹器1iB

PLABJ.plClAB
P的132㩴

⼆LHS

lawof total probability
LetAi An Ak be a puttinǛǗǛǗS into d.it
events mutually exclusive A U_U At⼆ S.Aing f.li
jLetBbearbitragwentinSthen PB ⼆PLBA.itPBA以⼗ t PlBAD

⼆点 PlBlAi PcAi

Banger's
theorem

PLA113 P13児品A 121131A PLA
Pl131年 PCĀ t PlBlA PA



5 Discrete Randomvariables

random variable

x is 112

a function maps fromsample space S to set ofrednumbers 112
ep 抛砍平

S H它

y ⾮𦭑
range of

randomvariable thevalue that a randomvariabletakes

discrete
range is

discretesubsetofR
continuous

range is an interval ep.ㄨ s
0，1

Probability lmsfuntion.pt
flx P X x xt rangelXon

probability distribution 他 fix xtmnge.ly

Properties of pf.io fix zo txt A

点Afix 1

up 抛 了次砹⼲ X heads occur

X 0 1 2

P必加 f ⼼了 3邸 了⼼了 郎

1



Cumulative distribution function cdf
Fix P X x ER

⼆P WES X W x

If X is discretewithprobability functionf thenFix
⼆PCXEX ⼆点fp

Properties of cdf DOE Fix El
Fix E Fly Uxy
热 F X 0 怸noFIX 1

证明cdf.no怸⻅⽆⽐ ⼆1 20怸品我⽐ nondecreasing

g 掷骰⼦ 如朝以数

x 1 2 3 4 5 6

巡⼆Mix i i i i i i

X x 1 14 亿 kxa33EXC44EX5lixcbxz6
s.PH o i t t t i l

t
F 2 P K2 P4 1 124 2 E

fxcx PLXED pcxax DEF.no_Fxlx 1



on
⽅法1 x f n n_n

NS.fxlxipcx
DPCC4

PCĀ o 1p A ⼆09
名照三P B 07 P one x in other x

n 尤 两 如 1
a ㄨ 0 1 2 3 天

唽选球试
fx o018 0 u6 0.514 0.252

⽅法2 151 I N中选吖
0.40.3tot without replacement

ofxo3xo6to7xo.lxo.tt0.440140.3 Let A maximum 13x
0.9xo.lxo.lt叫⼼了40.440100740.4

0⼈⼼了ㄨo6 1Axl 1 烈
i
wgshoosex

in.li
b x 0 1 2 3
Fx加⼆Phx 0018 0.2340.748 1

fix P必划⼆熙
c t P two one 1 0018 0.182

xarnxiinNr.is n CND o.xzmaxqo.nCNjiigneygyI.infail inall

N中远n的⽅式 则
fin 纺织品x中远revues in⽅式 ⽂

⼼ fail 中远 n_nfail in⽅式 笖
凹

2rrrr.clf b



discrete uniform variable X UT.a.bg
⼀共有事件 a b 每件事发⽣概率⼀样为前

X a atl at2 bj.a.bz all values are godlylikely
Xhasdiscretemifmdibutiononqa.at ubj.X

o

xt a by So XY.PLㄨx bǜlnn
otherwise UxER Fxlx Fyix

Hypergeometric distribution X HyplN.nu
共N个item 包含 r个Success 抽取吖
条件 在N中选 n个 without replacement

success r H N r binary responses

当N large n small in话 抽中1个东⻄两次⼼概⼿极⼩

则⽆⼆p Binomial X B.in in p
PlXEk RYEk

Bernoulli distribution X Bernoulliy
做⼀次实验成功概率为p XE 0⻔

条件 either success or fi
pf fix i 1p xG 0，1

Binomial distribution x Binln.pro 多次Bernoulli
做⼏次实验每次成功概率为p 已知⼀共 n次实验 未知 S
条件 either success or fail

with replacement

for every ty.MS p PcF 1p 0 p 1



l y y 1 1 1 1 1

pf fix 别 ictp xtso i nj

Q Usebinomialtheorem toshowthepf sums up to 1
表别⽐5 atb 1

ajǜtp
Negative Binomial distribution X NegBinlk.pl
实验中有k次 success 每次success in概率那 I
条件 fither success or fail 已知k次Success未知⼀共实验次数

for every ty.MS p PcF 1p 0 p 1
重点实验 直到有1次success

p.fi Plkx ⼆ Pix fail beforethekthsuccess

共少 perp
1个出 __

Geometric distribution Xtocp
实验中有1次 success 每次success in概率为p
条件 相当于 X

NegBinyppffnnfyjplllfpltp

nrc.fiFix PXEx PIXELxD ⼆感 1pkp ⼆EEPII lxzo

Q Showthepf sums up to 1
悉扣𠙖 1 Pp p惑加 ⼆

Tp 1

1 of



Memoryless propertyof Gop
Let X Geopands.tbenengtieidnngithe.nl lXzsttlXzs PlXzt

proof Pcxzsttlxzs
P 灭炎为25 笊恐 1 Plkstt 1

⼈PlXEsy
⼈Fatty
1 F S 1

11pstt
Gps

⼆ 17
t Rxzt

d



Poissondistribution Xtoicp to
条件 either success or fi T

p很⼩nbǘii
时间内发⽣之次数

independence n次实验相互⺨监 lnononerlg.intends

individuality 事件都不在同⼀时刻发⽣
homogeneitylmifmiy ⼀个区间内事件发⽣概率与区间⼤⼩成正⽐
n⼤p⼩

g代替⼀些
BinomialDistribution n oop.no np叭

I occurrence until t in Rossion process

pf.PLkx fix e t感 x

Q Verify f is a valid probability function
Obviously fix20 Ux
砻fix 砻 if ⼆ei_EE.gl

exponentialsum et砻其

⼤ poissionqproximt.tnof Binomial

Bin np Pt s Poiy
Let rnp.n oo.io
i pxu pi.si f



⼀身
Hyp 152 4，5

f 3tf14 4 5台 出沿荆
问 你

W 0.02

L o92

X Bin 52.0.02

a PIX⼆0 合 0.9852 0.020 0.3497

b pcxzz 1 p X 1 pyo
1 倒 0.9852.0.020 15⻔0.9851.0.021

20u91

a X Bin 164 ⽐⼀

RX 2 ⽣ 211 1 ⽐2
o0019

TbiX P 64
rnp

P 以 2 e t 蕊 2

of
ceo

almostthesame



a Ip f

p Rx e.j
X j

博⼆0.189

b ㄚ Bilbo Ì
PLY⼆10 只 T.lt

50
叫

c Z
NgBinlkz.pl
⼼了 然⻔flip ⼆ 002

a x P 5

P X72 1 P⽐红 1 PX 2 P4 1 P⽐⼀

b YouBil5 h
PlY23 1 RY 2 P咋1 Mio



7 Expected Valueand Variance

Sample

mean 不⼆ 点还 x Xu in outcomes for a randomvariableX
median a value at halfof results are below it andhalf are above
mode themost frequentlyowning value in a sample

Expected Value meanlyaht.tn frstmometofX

Ecx 磊 xf 加权平均值

Property

1 Law of unconscious statistician
E Ig必了 ⼆磊 gofix

a Linearity of expectation
ElaXtb ⼆a Ent b EIag⽐ b aEIg tb

proof Elaxtb 磊caxtb fix
⼆ a藏xfnntb䋽以

⼆ aEX tb.hn

0gEIXDEEGXDX
Bicn.pl EcX 𠨑

X P 以 EM⼆⼋

X HypLN.mn E X n光
X NBck.pl Ex 㔃
X Ula b E4 at



①W Biln pl EW ⼆up
proof EW ⼆点戏 pcrjx

⼆点不 嵌划Pup
以

⼆点 Ǜpllp ⽨

np𤇍 州邀 所up
嗯 啊⼀ 计 枞 咖np 1

② z p li EE Ft

paf E⼼⼆点 zě其
⼆点Z 裘⼝
沁 懿燕 ⽃
in



Variance ⽅差
Vaux FEI X E区了

E灯⼀匠⼼
2

War⽐ 20

Kth moment of random variable X E4以

Property

DVar X 20

Var越⼤ 偏离越⼤
hcxmo P以⼆EM 1

州
⼼ LetVaux E X E⽐ 2

磊⼼ Elif to only possible if xEMUXEX.SI with f 0

P必珌 1

⼼ Let P必 EM 1 Then

以⼼ E⽐ E化 ⼆藏lx EcxDYD.no
⼤Thereexist distributions without

EXifxlxFJF.FI 2

Ex too UarX notdefined

X Bicn.pl Var吅 ⼆
upUP

X P 以 Var⽐ ⼊
X HypLN.mn Var吅 ⼆吭 1元
X NBck.pl Vary 笮⽕
X Ula b VarX t

Standard deviation 标准差 r sd
r 不凶



Q

⼀点 fi 1 c 0.1

E X 1 o 15 1010.211.0.5120.05 3.0.1 0.75

Eley4 y l 120.15 exploio.it texpc37 o.lt 3.992

g Suppose X denotethe outcome of onefairsix sided dieroll
EH Ìxl 42 16 3.5

Q

E如来x.I 3.5
E必 14 22 It 64 f
Var⽐ EX3 Ex

2 f 3.52 È



8 Continuous Random Variable

def.coA random variable

range XD is an interval lab ER
现实中不存在 只能不断近似待到

g测时间 1级

fix P4 x

PlasXEb fbfndx

Probability density function pdf
X is out randomvariable with pdffn.gl 2R.ElgcXDEglDfnndxElX

fxfxdxVarLXElIX E𠮨了⼆ H E啊find
properties

1
fxszozsf.fm

dx 1
3 PlaEXEb ffndx

l g
n



cumulative distribution function cdf 累积概率
Fix P X x ⼆fo fy'dy 丧乱 ⼆fix

FT ti in is definedforall XER
2 FM nondreasy
3怸品⼴必 0 热 F4 1
4 Pcasxsb Fcb tia ffy.ly

Probability density function

fix ⼆ tix

Tf RxEXE x_x ⼆Fcxtox F 加

盐 您 x_x 蕊 和⼗笖和 汗
榇

Support ofpdf

啊 f xER fix to

求f在domain D 中 in积分 Dnswppf

EM Varix for As RV
pdf f g

112 112

Elgin 1 gnnfndx
E X 1 xfndx cr

Var吅⼆ EX ElX
also holds

VarlX E 必END 1 x Ecxjfndx



傠 1

a Afmdx⼆ cut dx f 1
c 6

b fix

照
c Plxzikffndx f 6xlrxjdxidpliixciiff.indx i
n P必⼠⼈ due to fix is As

E X x
6xltxsdxeiEIXTfibxllxjdx

EVarIXJEIXJlEIXDE.it to



Random Variable

discrete

cts.fmP必 Rkx 0 fix ⼆F x

PutA 赢fix PNEAFAfund
E X ⼆点xfx EM if

xfnndx.topdfof fast Pix
so⼈够⼩

PXElx t.xtfD Flxttj Fcx.tl
⼆fix sto uniform distribution KU la b

fix F XE la b
otherwise

EM th Var必⼆ 以
2

E⽐ 后xfnndx Exif.if dx

fax _dx ybifdx
i EIXJ lajcb3ayatb_VarMEyj.EC xi Giri

1 1



If thefunding has an inverse over X then we have a easy

way of obtaining the distributionof kgcxs

⽤Fxy表示Fyy 从 Plky⼊⼿

FYYFPLYEPF.ly
P后y PN y Fxy2

⽤
dfofxtofndcdfofy.pdf.fi

Y 0Exel
otherwise

Cdf 珌 Plkx f
0

0 xE1
x 1

cdfyi yy 1秒了 p2 y4
对adf.ly 求导诗pdf.pdfyif.ly㔼 4113

找到 丫的 range

恐怨 OYEI

fly Y 044otherwise



罴⼊

zoon.cn
fdx 1

ceNdx cEieiY f l c⼊
b FNF fctsdt fxeitdt l e u.no

c distributionof y
rangeof yi lo D

Ply Plenty
P ⼀⼊xdogy pdf ofY ftp.fyalo⼆Pcxz⼀⼤logy

0 otherwise

1 P ⽕ ⼀⼤hgy YoUco D

1 F ⼀⼤logp
y

d d



exponential distribution X Exp⼋

适⽤条件 Passion
process nithresfwt.me

If a psion process hasrate⼊ X waitingtime between Laurence

Xtxp叺 ⼊ rateof ourace in Po
occurrences in lo.tl follows Pont
X timetakenuntil 1st event our

Pdf fix fi xoxo

df Fox 1
⿏

proof II fit dt f ⼊ etdt 1 e ⼆ Pye x

Fix P X x

⼆plt.me to 1st occurrenceEX
1 P timeto 1st occurrence X
1 P no occurrence betweenLo xD
1 ⼊

x o

tea 㴻居 分布

fix ⼆杰 Fix
⼊ e X

X Expo 0头 waiting time until 1st occur

f i E⼼沿 x Èēdx0
X 0

E42 if i Èédx

I



Gamma function

tix 1 Tidy
property 1 tix ⼆ ⼼⼉ 以1

2 2⼈ x 1

3 ⼈ i ⾕

pofii.fjeidy g.ie tlx DfTeidy 分布积分

ixnf.Tehoi.fjeiflx Dfieidy KDtia
Dz.ru18 1 1 induction

⼦ 3 2H2 2
⽐4 38 3 3

疝1 n

3 Elxifoxfndx
fx eidxletytdxnldytiye.iey
0

If X E.pl0 then ElX 0 Var⼼ 02

proof EIXFfx.feit
ofyeiflhety f.ch odp
0 Hz O l2 D

0ElX2f if ēdxff OY eTdy 02H3 202

VarN E⽐2 刚
2 2020202



a rate⼆⼊⼆ 3 bus h È bus min
X ⼆

wailingtime until 1st bus

X E.pl⼊⼆式
P 如15 1 p X45 1 1 e式 e⼽

b Plx u X 6 P4M 喜 e
p x 6

crescents 0 14

X Exp10 14

a a ⼆ jot ⼆ 区2 14
b P以6 e ⻓

c pcpzolx 14 撡 e
⽼

of



Mengless property of Exp以
P以 stt X s Plxst

Prove If X Expm.s.tw thenP以 stt X s P X t

proof i X
ExplNi.FM

P⽕ x fxe dt l e

txzoPLXttsx.co P以⽐ nX s

P lX s
PLXttspcx.es
1 Fltts
1 F S
e t

1 Fit
PX t

Percentile

df The looxqth percentile of thedistribution ofX withcdf我 is

cq.stFxl.lyq
median 5 quantile

mode most likely

mean average

case1 Fstigrhaeas.ly As x

FLSiq.si Fig Fit
case2 F jumps flat

Fy ⼆㖚 ⽆加⻔ zi
0



Ps Pas

pdf.fm ieilx.ro
cdf.tn f1tdt l

eiFlCqqqtcoDlei
qCq5hguq

q 0v5 ci ⼆ 5hgw75 1.438

G 0.5 Co5 5log⼼5 3.466

Nmd d b



Normal distribution

fins

rt pit
standardising normal random variable

x Nw.is Z⼆世 ⼼
ch zswrefxE4f Varix r2

unitfreestandardized

fix ⾯ é x ER

Fix P K x Pl EE f

Rask b ⼆ fjiédx ⼆ 中 学 通过normalizing待到
standard normal random variable NN lo 1 标准𤥴分千

f Y吅⼆庇 e

Fngcxni.e.gs
e dx

sevati6



Properties

1 symmetric

symmetric abt in P cx.tt N r t

unimodal bonemode pub at
pi2 M

ft
are 向右移

3.52
02越⾼代表 awe 越分散

a qio.in 就 ēig
b 5⼗⽄ f o 58 5 17 庇 ēǚdy

⼆5xsxo.no9
c PUEZEC f u f c

f cc 1 0Lcs

iz.si24w 1

44 o975

20.95

c ftp 975 1.96



9 Multivariate distributions 多元分布

defjoint probability function of x Y
Suppose X Y are discrete random variables defined on thesamesample space
Thejointprobability function of X Y is

fly Pc X x Y y xtxs y EYs
鹃或 fy Pax Yy

WES
Xw

WES

hw Y

Mix n Yy

ep

fly P必 xn Yy
S XE 12

sjycinjloowatnbleofj.int
probability distribution fly Y

fff
仁 1 X 2 加3

y 1 i
i i t

t

t 1



propertiesofjointprobability function
i fry 20 个⼤废话
2 彥fny 1 个也只 因为jointprobabilityfun属于 probabilityfnnc

marginal probability function 边际概率
SupposeX Y are discrete random variables withjoint probability fmc fly
Themarginal probability function ofX is fxnikx x 焱 fry
Themarginal probability function ofY is fyykty 焱fn.pt

这俩玩意 和没⽑意义
来积也没意义

maginddistibt.tn与 probability
distribution是⼀个东⻄

marginal probability of Xi fox ⼆点⼽⽐
⼊ 妙

i ⼼惑峢
i吵 i Ěqf T
i.li P gu

marginal probability ofㄚ i f y i

lindy

dal



independent random variable

If fxykfxnnf.ly
then X Y are independent random variable

若⼼ hi Xu independent 叫 fcxixii flxnfn.fm

aflx
p fxlxs.fYly e2其 es炗

Conditional distributions

对event A 813 PCB to PLAl B P A 13
P43

The conditional probabilityfunction ofX given Yy

ftp.oisifxlxlyP X x Y y
⼆ 啖燚沪 ⼆点焽

0 1 2 3 三My
y o i i i o i
i o i i i i

y x_x j j j j 1

X x 1 X 3

本

不2

fxlxly.no i 率 i i o

fxlxly D Ì



我们在忘 in ⼏个事件合成的整体
做题时可以把⼏个⼩事件当作⼗⼤事件
RU⼆以

鬋⾔恐知
⽐ 加

Sum of independent
Rossion Xt Y P ⼋⼗⼋2
Binomial XtY Bilntm.pl
Bernoulli X txztn.tl n Biln p
Geometric Xitktn.tl k NBLkp

TheoremX

PolN Y PoXz XlX Y n Biln 众⼊

proof Let X 120 ⼋ Y P.az X Ymdg
Then XtY pol⼊⼗⼋

P必 x X Y n P以 x 如ㄚ n
P4 Y n
P必 x Y mx
PlXtYin

⼆ 型蕊恐点㸑 Since X Yndp
⼆ 点补 I尛 ⼋⼊品 P
pf of Biin 𣶷⺍ at x

roll a die n times 掷到数字 1 2 3 4 5 6
次数

XIXzxsX4X5XbxjBiln.DKnot independent 因为 X t.tl o

ndd b



Multinomial distribution

def multinomial distribution
an experiment satisfy

individual trials have k possible outcomes

piipbab.ly of each individual atom pit p 1
tùds are independently repeated nt.ws

Xii denoting thenumberoftimesoutcome i occurred ㄨ 加 ⼆ n

Xi Xk have multinomial distribution with n pi.pk

defmultinomial coefficients lX XD Mdtln.pl pk
IfXi Xk have ajoint multinomial distribution with parameters u and

p n.pkthentheirjointprobability function is fix 加 xjhnpn.pk
xinxksatisfgxitntxk.in xizo t

multinomial叫扣淡 加 n

e

H.S D C Mdt 5 中 ⼥ ⼥ ⼥

P H 2 S 2 D 1 Go
212只 划

5

Marginal distributionof multinomial
Let lX Xz XKJ Mdtln.p.n.pk
ThenXj Biln.ppjtli.la
Conditional distribution of multinomial
Let ⽐ Xz XKJ Mdtln.p.n.pk
Then Xixitxj t Biltfip.pl itj



Q.RIR.tt

4 Bi 4

Sum of individual rvs in multinomial
Let⽐ Xz XKJ Mdtln.p.n.pk
ThenXity B.cn pitpj lip
在multinomial distribution中 事件及独⽴汋 但marginal random variables 砓

Joint egehttns

df.su

poseX Y are discreterandomvariables withjoint probability function fy
Thenfor a function giN R.EE gx⻔

⼆哥

gixpfix.PE

Y o 0.6 t2 0.4 0.8

E X Y 00 0.2t.it1.2 0.13 II_otio 4
coVIX Y E4Y EMElY o4 0.8.0.67 0.446



property

1 Elag X Y tbgz.MY a E g 以ㄚ tb.EIg.MY
2 E l XtY EM t EY lo EyY t EM EID
proof

Let gy aglx.Yitbgz.MY
then Ela.glX.YHbzgz.lkYD

⼆点lagnptbgzlxyDfnp.bgEg必丫
⼆
前gx.pt川

⼆ a前

gnpfrxptbjypfn.pl

鸜

def covariance

If x Y arejointly distributed thenWIX Y denotestheconvince between X
Y.cov4 Y E X E则 It EY

⼆ ElXY ElX EM

ep X temperature in trt Y temperature in loo

s者X E⼼ 可能 Y EH
I若X E⼼ 可能ㄚ EY
cx ELXDLY.ECY 0

to



Theorem

If X Y are independent then covcx.to

若av 必 Y 0 X Y not necessary indy
counterexample ㄚ X21

proof Let X Y be indy Then fly fxmfyy
E⽐以前 xyfnp

⼆
前xytxn.fyp
yfxlxDGyf.ly
E⽐ ELY

lov lX Y E lXY ElX ELY E⽐ ELY ElX ELY 0

correlation www.Y
wwcx Y p 毕炎前
uncorrelated coV4 YFo cow以Y o

X Y indy X Y uncorrelated

coV lXㄨ Varix
cow以丫 没有⼿位

Property
i ran 以Y 与 wvlx 以 政性相同
2 1 Ep 1
3 1p1 1 x aYtb 上通过Guy

then why
证明

4 X Y indy on MY no

5 www.X ⼆字啖⽕ 1

若 rlx 0 或 EM.ELY VarM Val 中有notwelldefined in

则 wrrix 以不成⽴

def 1



def.linew combination

SupposeX ⼀ Xu arejoint distributed random variablesuithj.it probability
function fix 加

A linear combinationoftheRb Xin Xu is anyrandom nile oftlufm
𤇍 aiXi la at R

X X Xnㄒ a a anT linear combination Xia

total T 𤇍Xi ail

samplemean 义⼆点 ixi.ci
expected due E岱a⽕ ⼆点ai ElXi

Elfin ⼗点 Epi 𤆬6 7ㄨ6 6

Example

EL以 4Y 2EM 4ELY 2ㄨ 1 4ㄨ t 0

Variance of linear combination
Let X Y be random variables abt112
Var la Xt bY ǎ VarlX
tb2VarlbtzabGVLXYJ.hr岱 aiX ⼆点atVardi 2蕊
aigwuxiphrlaxtbYJwlaxtbY.ch tbY

aaGvlXX ta.blovcxY tb.alovcxyjtb.baㄚD
a2VarXtzablovlx.Dtb2Va.LY

d of 1



Whatabout thedistribution of linear combination
Sofar EM Vav4 oflinear combination

Theorem a hen function of normal normal

Let X NU.MY axtb.Y Nlqntb.ci
Let Xi NUi.is 点aixitbi N 点aipitbi点aint
Theorem i Sample mean of normal is normal
Let xi NW.ME in independently

Then击xi My.no
⼥⼆六点么 Nyi

Van点Xi ⼆点Var必 ⼆点r2⼆ ni
Var l T Var It烈⽕ 右岱⽕ in 诒卡



Tim
a Let ⼈ total length ⼆ At At B
A N 6 o 4 A NL6 co4 13 N 35，0.6

⼈ N l6 6 35 0.410.410.6 N l47.2，1.4

Pcscrapped K L 46.8 p ⼈ 475
P Z 垫⼉ Plz fifty
f ⼀ 377 Ltfco277
元0749

b ⼈ N 47.2，07 P 46.8 17丛47.5

def d d



def indicator Bernoulli variable

LetACS be an event Wesay IA is the
indicator randomvariableoftheevent A

IA is defined by 阳⼼ 皆杂
同时期也定义 Bernoulli randomvariable

property ELIA PA
2 Vault RA l
RAD3co LIA卫乃 P1AnBJ

RBRB.jpof a EIA 1 pnto.MS RA
bi E 球 12PA top A KA
VarCIA PA PLA 2 RA 1 RAD

Example

巨知否⼋卫Pc As
cov IntIB ELIAIB ELIAID ⼆PLANB PA RB

舉
man at pi
所以这⼈ variance

x Biln.PE4 p Vault upLtp
proof Let A ⼆ success in trial i p PAD

Then X⼆点卫Ai IA 卫An

anedg.EUE密卫Ai ⼆点 El_琎 up
Similarly Var X ⼆Var岱卫Ai 三点㗊⻔ nplrp



10 Central Limit theorem Moment
generating functions

Central Limit theorem

Suge X Xn are independent random variables each with a

common cumulative distribution function F

youfurtherthat Edison.VanXi r2

Thenforall xc R.me Pl𠀾 x 0 x

若 n⼈够⼤ 刘⽂ Ny f 点 xi Nlnr.no2

As long as we have

Da st ofnight andidentically distributed random variables
a finitecommonmeant andfinitecommon variance

Thedistribution oftheirsamplemeancanbe approximated by normal dstibt.tn

randomvariable⽂ normal sample mean也⽋normal

Let⼤ to denote the outcomes of the 1st 2nd 1000th die
roll and notethat they are independent hate uniforms on 1，2 6

with µ 3.5 rift

By CLT 𤇍Xi Nllooo.in too 2

P岱XiE3400 P 𢝵器 三 璺
P E E 1.85

0.032



Theorem

Xn Biln.pro large前器 No D

Xi Po吅 ⼊ large ㄨ笑 No D

Howto comet for continuity

PlaESuEb P a o5 Sn b 0.5

P G s P 50.5 SnC40.5

P 字咨 z 学咨

CLT的经验⽅法 i 中⼼极限⽂理

1 观测数据超过30 ⼭能提供合理近似值
2 若观测值⼀分年之 Th 则对于较⼩ inn 5 15 ⼼也适⽤

了若分布⾼度您离成意餐则需妄更⼤的 n值 n

4当appximdgnormddistibt.tn时 我们不必使⽤ continuity correlation

Moment generating functions CMGF
functions that can define distributionof Ni
1 pf.fm
2 cdf.FI
3 MGF.Mxlt EIetXJ 𡘙 if tER

propertiesof mgf
i Mxco 1
2 Mxct 惑 热⻔
3 Nlt is defined in a neighbourhood of to
甚 No E 灼



Continuity Theorem

If X Y have MGF.MX It MYID defined in neighbourhoods of theorigin
Mxlt ⼆My⼼ forall t where they are defined then x Y

MET uniquely characterizes a distribution



P3 Mxlt E let e P x 1 tetopcto
Pet 1 P

Milt Fpet EX ⼆Milo p
M⽐ ⼆pet E42 Mx 077

Varix pp2p 1P
P5
年

in general independent uncorrelated

correlated dependent

P8 Fix 5 ēdxzo5

P12 E必 ⼆⼗⼆1 Var必 2

igui Ě


